The stochastic model of neutrino oscillation by Wang, Xiao-Yan & Chen, Xiang-Jun
ar
X
iv
:2
00
2.
05
33
2v
1 
 [h
ep
-p
h]
  1
3 F
eb
 20
20
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Department of Physics, Harbin Institute of Technology
(Dated: 14 February 2020)
Neutrino oscillation is phenomenon of random transition from a flavor state of neutrino to another, and should obey
quantum statistics theory, and constitutes Markoffian process. The process is depicted by method of CTRW (contin-
uous time random walk), and the time-evolution formula of flavor distribution of neutrino beam has been established.
The simulation with Markoffian model for solar and cosmic ray neutrino indicates neutrino oscillation will arrive at
equilibrium flavor distribution of three-fold maximum if propagation time is long enough, which is consistent to the
data of SK and SNO experiments.
I. INTRODUCTION
Neutrino oscillation is one of the greatest discoveries in par-
ticle physics for over twenty years, which was verified by SK
Collaboration1 in 1998 and confirmed by SNO2 experiment
in 2002. According to data of these two experiments, it was
indicated that the flavor probability distribution of beam neu-
trino would arrive at three-foldmaximum, namely 1/3:1/3:1/3,
when propagation time was long enough. It seemed that neu-
trino oscillation obeyed some statistical law. If we take the
flavor state as state variable of neutrino in beam (the value
range only including three flavors ve,vµ ,vτ ), neutrino beam
will be a quantum ensemble, and its dynamics will obey quan-
tum statistics theory. One aim of the paper is to figure out
whether the flavor kinetic equilibrium distribution of neutrino
oscillation is three-fold maximum.
Quantum stochastic theory was first introduced into physics
research by Einstein in 19053, in order to study the motion
of suspended particles in liquid. It was demonstrated in his
paper that the random motion of suspended particles obeyed
molecular-kinetic theory of heat, and constituted a diffusion
process, and as a result particle probability density satisfied
Gaussian distribution. We consider neutrino oscillation simi-
lar to the Brown motion of suspended particle from the prop-
erty of motion: the Brown motion depicts the random contin-
uous variation of particle position; neutrino oscillation depicts
the random discrete variation of neutrino flavor state, which is
result of the random transition from one flavor state of neu-
trino to another (one of three flavorsve,vµ ,vτ ). Therefore we
will investigate the statistical law of neutrino oscillation in a
structure used by Einstein for suspended particle as follows:
(1) on the aspect of dynamics, neutrino flavor conversion is
something like propagator in flavor space in quantummechan-
ics, hence has Markoffian property, and constitutes Markof-
fian process. (2) on the aspect of probability distribution,
according to quantum mechanics, neutrino flavor probability
distribution obeys neutrino coherent theory. In Sec.2 we will
elaborate the quantum stochastic process of neutrino oscilla-
tion directly by investigating the evolution of flavor distribu-
tion of neutrino beam, which is the statistical law of neutrinos
in beam.
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Quantum stochastic theory is applied widely in fields of
applied physics like optical material4–6 and so on. While to
the best of our knowledge, it appears that quantum stochastic
theory has not been applied in particle physics in the litera-
ture. The purpose of this work is to address this issue and
derive the stochastic process of neutrino oscillation and estab-
lish corresponding stochastic model. The Markoffian process
of neutrino oscillation will be depicted by a method called
CTRW4,7,8 (continuous time random walk), and neutrino fla-
vor probability will be calculated according to neutrino co-
herent theory, which can avoid the complex calculation of
concrete interaction Hamiltonian. For convenience, we will
discretize time and establish the homogeneous time-discrete
Markoffian model. The time-evolution of flavor probability
distribution in neutrino oscillation will be simulated by the
Markoffian model to determine the equilibrium flavor distri-
bution of neutrino oscillation.
Due to the long lifetime of neutrino9, we assume the effect
of medium is the only factor which will influence neutrino os-
cillation. For neutrino is neutral particle with tiny mass and
strong penetration, the influence of medium effect on neu-
trino oscillation is feeble and we will discuss it in the concrete
cases.
This paper will be constructed as follows: In Sec.2, we
will demonstrate the underlying Markoffian process of neu-
trino oscillation, derive the time-evolution equation of fla-
vor distribution during neutrino beam propagation, and dis-
cretize time and establish corresponding homogeneous time-
discrete Markoffian model; Sec.3, we will evolve our Markof-
fian model to simulate the evolution of flavor distributions of
solar and cosmic ray neutrino, and estimate the distributions
on the earth’s surface of these two cases; Sec.4, we will make
conclusions.
II. MARKOFFIAN MODEL
A. Markoffian process of neutrino oscillation
The Hamiltonian of neutrino oscillation could be written as
H = H0+HI
= pˆ2/2m+
G′F√
2
(
∑
i, j
v¯ jLγ
µviL
)(
∑
k,l
v¯kLγµ vlL
)
(1)
2Here, H0 is the kinetic energy which represents neutrino
beam’s translation; HI represents interactions by which neu-
trino flavor conversions are induced. Dependent on the choice
of HI , the process of neutrino oscillation may be stochastic
process or not. From the expression of interaction (the second
term on the right of the second equation), it is explicit that
the initial flavor state vi(orvl) of neutrino randomly transits to
any of three flavor states ve,vµ ,vτ . Thus, HI expresses ran-
dom flavor conversion and neutrino oscillation is stochastic
process.
Consider neutrino beam including N particles which la-
beled by numbers 1,2,· · · ,N. The quantum state of particle K is
denoted as |K > (K = 1,2, · · · ,N). Then, the density operator
of neutrino beam is
ρˆ ≡ 1
N
∑
K
|K >< K| (2)
In this paper, we adopt three-flavor neutrino frame. Thus
three neutrino flavor states |ve >, |vµ >, |vτ > span neutrino
flavor Hilbert space, in other words, these three flavor vectors
constitute a complete set of orthonormal basis in flavor space.
The state |K > is expanded by these three flavor basis vectors
as follows:
|K >= ∑
i
< vi|K > |vi >= ∑
i
CiK |vi > (i = e,µ ,τ) (3)
The coefficient CiK =< vi|K > expresses the vi component
wave function in flavor representation, which represents the
probability amplitude of particle K staying at flavor state |vi >.
The density matrix element in flavor representation is
ρi j =
1
N
∑
K
< vi|K >< K|v j > (i, j = e,µ ,τ) (4)
and the diagonal element
ρii =
1
N
∑
K
< vi|K >< K|vi >= 1
N
∑
K
|< vi|K > |2 = 1
N
∑
K
|CiK |2
(5)
expresses the average probability of neutrino in beam staying
at state |vi >, in other words, ρii is the flavor probability of
|vi > in neutrino beam. Thus the flavor probability distribution
can be written as ρee : ρµµ : ρττ .
The purpose of this paper is to investigate the time-
evolution of flavor distribution of neutrino beam. Hence we
only need to study the time-evolution of diagonal elements.
Given the density operator of beam ρˆ(t0) at time t0, in
Heisenberg picture, the time-evolution of the density opera-
tor is
ρˆ(t) = eiHˆ(t−t0)ρˆ(t0)e−iHˆ(t−t0) (6)
In flavor representation, the time-evolution of diagonal ele-
ment is
< n|ρˆ(t)|n >=< n|eiHˆ(t−t0)ρˆ(t0)e−iHˆ(t−t0)|n >
= ∑
i
< n|eiHˆ(t−t0)|i >< i|ρˆ(t0)∑
j
| j >< j|e−iHˆ(t−t0)|n >
→ ρnn(t) = ∑
i j
< n|eiHˆ(t−t0)|i >< j|e−iHˆ(t−t0)|n > ρi j(t0)
= ∑
i
|< n|eiHˆ(t−t0)|i > |2ρii(t0)
+∑
i6= j
< n|eiHˆ(t−t0)|i >< j|e−iHˆ(t−t0)|n > ρi j(t0) (7)
Here, we have employed the identical equation
∑
i
|vi >< vi|= I (i = e,µ ,τ)
In formula (7), the left of the last equation is flavor proba-
bility of |vn > at time t; the first term on the right expresses
total transition probability of all flavor states at time t0 tran-
siting to |vn > at t, and the second term on the right can be
considered as perturbation term, which can be omitted at zero
order approximation compared with the first term. Thus the
time-evolution formula of flavor distribution of neutrino beam
is:
ρnn(t)≈∑
i
∣∣< n|eiHˆ(t−t0)|i > ∣∣2ρii(t0) = ∑
i
∣∣Kn,i(t, t0)∣∣2ρii(t0)
(8)
where Kn,i(t, t0) =< n|eiHˆ(t−t0)|i > is propagation(conversion)
probability amplitude of from state |vi > to state |vn >. For-
mula (8) expresses that the flavor probability of |vn > at time
t equals total transition probability of all flavor states at time
t0 transiting to |vn > at t. Thus formula (8) is the form of
Markoffian conditions (formula 2.3.3 in Sec.2 in literature10)
in flavor representation.
Formula (8) can be rewritten as
ρnn(t) = ∑
i
∣∣Kn,i(t, t1)∣∣2∑
j
∣∣Ki, j(t1, t0)∣∣2ρ j j(t0)
= ∑
j
∣∣Kn, j(t, t0)∣∣2ρ j j(t0) (9)
Here, ρ j j(t0) represents flavor probability of |v j > at time t0.
Thus
∣∣Kn, j(t, t0)∣∣2 = ∑
i
∣∣Kn,i(t, t1)∣∣2∣∣Ki, j(t1, t0)∣∣2 (10)
is established. Obviously, formula (10) is the form of Markof-
fian conditions (formula 1.1.22 in Sec.2 in literature10) in fla-
vor representation.
3For propagation probability amplitude Kn, j(t, t0),
∑
j
∣∣Kn, j(t, t0)∣∣2) = ∑
j
∣∣< n|eiHˆ(t−t0)| j > ∣∣2 = 1 (11)
is established for particle number conservation. (Formula (11)
expresses the total transition probability of all neutrino flavor
states at t0 all transiting to state |vn > at t.)
Now, we will use propagation probability distribution∣∣K(t, t0)∣∣2 to construct Markoffian process of neutrino oscilla-
tion in flavor space, and will describe it by method of CTRW
(continuous time random walk) as follows: consider one
walker at location x0 in flavor space at time t0, and time is dis-
cretized by interval ∆t.(Location x0 is determined by three fla-
vor probabilities
(|ψve(t0)|2, |ψvµ (t0)|2, |ψvτ (t0)|2) at t0, and
according to formula (5) |ψvi(t0)|2 = ρii = 1N ∑K |CiK |2, i =
e,µ ,τ .) The walker starts from position x0 at time t0, after
interval ∆t, moves to a new position x1 with propagation prob-
ability distribution
∣∣K1,0(∆t)∣∣2; then starts from x1, and moves
to x2 after interval ∆t with propagation probability distribution∣∣K2,1(∆t)∣∣2, · · · .Thus theMarkoffian process of neutrino oscil-
lation is constructed, with propagation probability distribution∣∣Kn,m(∆t)∣∣2
∣∣Kn,m(∆t)∣∣2) = ∣∣tn < v j|eiHˆ(∆t)|vi >tm
∣∣2
(i, j = e,µ ,τ; ∆t = tn− tm) (12)
Here,|vi >tm is any flavor state at time tm and |v j >tn is any
flavor state at time tn; so formula (12) expresses all possible
conversion probabilities of from flavor state at time tm jump-
ing once to flavor state at time tn , namely propagation proba-
bility distribution.
B. The time-evolution of flavor probability distribution of
neutrino beam
Now we will investigate the evolution of flavor distribution
after the walker jump once. To avoid calculating complex in-
teraction Hamiltonian HI , the flavor probability will be calcu-
lated according to neutrino coherent theory, ignoring details
of interaction.
In neutrino coherent theory, formulas of neutrino flavor
conversion probability are obtained by two-flavor mixing ap-
proximation. Given the initial neutrino flavor vα and possible
final states of conversion vβ ,vγ (α 6= β 6= γ), formulas of
neutrino flavor conversion probability will be respectively
P0(vα → vβ ) = sin2(2θi j)sin2
(∆m2i j
4E
t
)
(i 6= j) (13)
P0(vα → vγ) = sin2(2θik)sin2
(∆m2ik
4E
t
)
(i 6= k) (14)
and the survival probabilities of initial flavor will respectively
be
P0(vα → vα) = 1−P(vα → vβ ) = 1− sin2(2θi j)sin2
(∆m2i j
4E
t
)
(15)
P′0(vα → vα) = 1−P(vα → vγ) = 1− sin2(2θik)sin2
(∆m2ik
4E
t
)
(16)
In three-flavor frame, we assume the statuses of two conver-
sion modes vα → vβ and vα → vγ are equal, then the survival
probability of initial flavor vα should be
P(vα → vα) = P0(vα → vα)+P
′
0(vα → vα)
2
= 1− P0(vα → vβ )+P0(vα → vγ)
2
= 1− 1
2
[
sin2(2θi j)sin
2
(∆m2i j
4E
t
)
+ sin2(2θik)sin
2
(∆m2ik
4E
t
)]
(17)
and flavor conversion probabilities should be correspondingly
P(vα → vβ ) =
1
2
sin2(2θi j)sin
2
(∆m2i j
4E
t
)
(18)
P(vα → vγ) = 1
2
sin2(2θik)sin
2
(∆m2ik
4E
t
)
(19)
Given the flavor distribution at time t0, at position x0 is
Pe(x0, t0) : Pµ(x0, t0) : Pτ(x0, t0) (20)
A walker jumps once from position (x0, t0) to (x, t), and the
probability of any neutrino flavor like ve at position (x, t),
Pe(x, t), is composed of three parts: (1), the survival proba-
bility of flavor ve with probability Pe(x0, t0) at (x0, t0) , and the
calculation formula (17); (2), the probability obtained from
flavor conversion of the other two flavors vµ ,vτ with their
probabilityPµ(x0, t0),Pτ(x0, t0) at position (x0, t0), and the cal-
culation formulas (18) and (19):
Pe(x, t) = Pe(x0, t0)Pe→e(∆t)+Pµ(x0, t0)Pµ→e(∆t)+Pτ(x0, t0)Pτ→e(∆t)
=
(
Pe(x0, t0) Pµ(x0, t0) Pτ(x0, t0)
) P11(∆t)P21(∆t)
P31(∆t)

 (21)
The calculation of the other two flavor probabilities at po-
sition (x, t) is similar. Thus the evolution formula of flavor
distribution after walker jump once is:
(
Pe(x, t) Pµ(x, t) Pτ(x, t)
)
=
(
Pe(x0, t0) Pµ(x0, t0) Pτ(x0, t0)
) P11(∆t) P12(∆t) P13(∆t)P21(∆t) P22(∆t) P23(∆t)
P31(∆t) P32(∆t) P33(∆t)


(22)
4Obviously, formula (22) is the evolution formula of flavor dis-
tribution after Markoffian process evolving over ∆t.
C. Time-discrete Markoffian model
For Markoffian model employed conveniently, we should
discretize time properly and construct time-discrete Markof-
fian model. The problem is how to choose appropriate time
interval (denoted as ∆tT ) to make Markoffian model simplest,
in other words make the transition matrix (22) independent of
time, namely homogeneous Markoffian model.
For the time-dependent terms in transition matrix(22) are
all trigonometric functions, the time could be eliminated by
making all trigonometric functions extreme simultaneously.
Time-dependent trigonometric functions in transition matrix
(22) are listed below:
sin2
(∆m212
4E
∆t
)
, sin2
(∆m213
4E
∆t
)
, sin2
(∆m223
4E
∆t
)
(23)
Thus, the problem to choose proper interval ∆tT to make tran-
sition matrix(22) timeless, is equivalent to choose interval ∆tT
to make three trigonometric functions in (23) extreme simul-
taneously. For more precise simulation with our model, it is
required that the interval ∆tT should be as small as possible.
Given the first two terms in (23)
sin2
(∆m212
4E
∆t
)
, sin2
(∆m213
4E
∆t
)
both arrive at maximum by the smallest interval ∆t, if the third
term
sin2
(∆m223
4E
∆t
)
arrives at extreme too, the interval ∆t would be ∆tT we want.
Considering the mass of ve close to vµ , |∆m213| ∼ |∆m223|. Thus
|∆m213|
4E
∼ |∆m
2
23|
4E
(24)
and the interval ∆t maximizes sin2
(∆m213
4E
∆t
)
will approxi-
mately maximize sin2
(∆m223
4E
∆t
)
.Thus, whenMarkoffianmodel
discretized by the interval ∆t, transition matrix (22) will be-
come time-independent as follows
νe νµ ντ
P =


νe
νµ
ντ




p11
1
2
sin2(2θ12)
1
2
sin2(2θ13)
1
2
sin2(2θ21) p22
1
2
sin2(2θ23)
1
2
sin2(2θ31)
1
2
sin2(2θ32) p33


(25)
where pii = 1−Σi6= j pi j is the survival probability of vi (i =
e,µ ,τ).And Markoffian model will become homogeneous
time-discrete.
It is worth to mention that formula (17) will arrive at the
first lowest value by the interval ∆tT . Thus the step length
of Markoffian model is the distance over which the survival
probability of initial neutrino flavor arrives at the first lowest
value. According to experimental data, the step length is at
most 295km11, which obtainedwhen the initial neutrino flavor
is vµ .
III. SIMULATION WITH MARKOFFIAN MODEL
A. Evolution of Markoffian model
Now we will evolve the time-discrete Markoffian model to
simulate the time-evolution of flavor distribution during neu-
trino beam propagation and investigate the flavor distributions
of solar and cosmic ray neutrino on the earth’s surface.
Taking the global best-fit values of neutrino mixing angles
θ12 ≃ 34o,θ23 ≃ 45o,θ13 ≃ 10o into (25), and the numerical
one-step transition matrix in vacuum is
P =

 0.51 0.43 0.060.43 0.07 0.50
0.06 0.50 0.44

 (26)
The evolution of Markoffian model is to multiply the flavor
probability distribution with one-step transition matrix (for-
mula 22). For example, given the initial flavor distribution
(Ie : Iµ : Iτ ), the evolution of flavor distribution for Markof-
fian model evolving one step is
(Ie Iµ Iτ)P = (Ie Iµ Iτ)

 0.51 0.43 0.060.43 0.07 0.50
0.06 0.50 0.44

 (27)
and two steps
(Ie Iµ Iτ)P
2=(Ie Iµ Iτ)

 0.51 0.43 0.060.43 0.07 0.50
0.06 0.50 0.44



 0.51 0.43 0.060.43 0.07 0.50
0.06 0.50 0.44


(28)
B. The equilibrium flavor distribution of solar neutrino
oscillation and the flavor distribution on the earth’s surface
Solar neutrino’s propagation from the Sun to the earth’s sur-
face should experiences two different stages: The first stage
insider the Sun is from the solar core to the solar surface,
where neutrino oscillation is influenced by MSW effect; the
second stage is from the solar surface to the earth’s surface,
where oscillation approximately proceeds in vacuum.
5Due to the solar interior of continuously variable density,
when neutrino propagates insider the sun, neutrino oscilla-
tion with different energy will be influenced differently by
MSW effect. According to literature12, for neutrino energy
> 10MeV (high energy neutrino), neutrino oscillation is sup-
pressed and flavor conversion is an adiabatic process. For
this case, we adopt the flavor distribution on the solar sur-
face as the initial distribution for the evolution of Markoffian
model. And according to literature12, when high energy neu-
trino propagates to the solar surface undergoing adiabatic fla-
vor conversion, the survival probability of ve on the solar sur-
face would be sin2θ12, vµ and vτ share the rest probability.
According to muon neutrino oscillation experiments1,11, the
mixing between vµ and vτ is maximal and we assume vµ , vτ
of high energy equally share the rest probability. Thus the fla-
vor distribution of high energy neutrino on the solar surface,
denoted as I1, is
I1 = ve : vµ : vτ ≈ sin2θ12 : 1
2
cos2θ12 :
1
2
cos2θ12 (29)
Take the best-fit value of θ12 = 34
o into (29) and obtain
I1 = ve : vµ : vτ = 0.3126 : 0.3437 : 0.3437 (30)
For neutrino of energy < 10MeV (low energy neutrino),
oscillation will not be suppressed by MSW effect12 insider the
sun. For the small medium effect, we will ignore it in the case.
The distance from the solar core to the earth’s surface is the
total distance over which Markoffian model evolves. And the
initial distribution is the distribution at the solar core, denoted
as I2
I2 = ve : vµ : vτ = 1 : 0 : 0 (31)
The aim of this subsection is to investigate the flavor distri-
bution of solar neutrino on the earth’s surface, which should
be the total flavor distribution of above two kinds of solar neu-
trino. Thus the total distribution on the solar surface is the ini-
tial distribution from which Markoffian model evolves start-
ing.
Suppose the flavor distribution of low energy neutrino on
the solar surface is I′2 = I2P
n′ , and the total flavor distribution
on the solar surface is the linear combination of I1, I
′
2 .
I = aI1+ bI
′
2, a+ b = 1 (32)
The resultant distribution after the Markoffian model
evolves with constant transition matrix (26) is
(aI1+ bI
′
2)P
n = aI1P
n + bI′2P
n = aI
(n)
1 + bI
(n+n′)
2 (33)
For neutrino of energy > 10MeV , the flavor distributions
for the evolution of the Markoffian model are shown in Table-
1. And the distributions for neutrino of energy < 10MeV are
shown in Table-2.
TABLE I. Simulation of solar neutrino of energy > 10MeV
Steps of evolution Flavor distribution ( ve : vµ : vτ )
0 0.3126 0.3437 0.3437
1 0.3278 0.3303 0.3418
2 0.3297 0.3350 0.3352
3 0.3323 0.3329 0.3348
4 0.3327 0.3336 0.3337
5 0.3332 0.3333 0.3336
TABLE II. Simulation of solar neutrino of energy < 10MeV
Steps of evolution Flavor distribution ( ve : vµ : vτ )
0 1 0 0
1 0.5100 0.4300 0.0600
2 0.4486 0.2794 0.2720
3 0.3652 0.3485 0.2863
4 0.3533 0.3246 0.3221
5 0.3391 0.3357 0.3252
6 0.3368 0.3319 0.3313
The equilibrium flavor distributions shown in Table-1 and
Table-2 are both
I(e) = 1/3 : 1/3 : 1/3 (34)
So, when the flavor distributions of these two cases both arrive
at the equilibrium distribution, the values of coefficients a, b
in (33) become insignificant.
The distributions in Table-1 and Table-2 indicate that af-
ter the Markoffian model evolves for over 6 steps, the dis-
tributions of two kinds of solar neutrino will both arrive at
the equilibrium distribution of three-fold maximum. As men-
tioned in Sec.2, the step length of Markoffian model is 295km
at the most, thus the distance between the sun and the earth
is long enough for the Markoffian model evolving for over 6
steps. This means that the distribution of solar neutrino on
the earth’s surface is the equilibrium distribution of three-fold
maximum, which is just the result of SNO in 20022.
C. The equilibrium flavor distribution of cosmic ray neutrino
oscillation and the distribution after neutrino passing through
the earth
For neutrino in cosmic ray, the initial flavor distribution be-
fore neutrino passing through the earth is
ve : vµ : vτ =
1
3
:
2
3
: 0 (35)
The distributions for the evolution of the Markoffian model
are shown in Table-3.
The equilibrium flavor distribution shown in Table-3 is
three-fold maximum occurring after the Markoffian model
evolving for over 3 steps, which is the result of SK in 19981.
(The diameter of the Earth is long enough for the Markoffian
model evolving for over 3 steps.)
6TABLE III. Simulation of neutrino in cosmic ray
Steps of evolution Flavor distribution ( ve : vµ : vτ )
0 1/3 : 2/3 : 0
1 0.4567 : 0.1900 : 0.3533
2 0.3358 : 0.3863 : 0.2779
3 0.3541 : 0.3104 : 0.3356
In summary, the three-fold maximum flavor distribution
which indicated in SNO and SK experiments, is the equilib-
rium distribution of Markoffian process of neutrino oscilla-
tion.
IV. CONCLUSIONS
Neutrino oscillation is random transition from one fla-
vor state of neutrino to another and obeys quantum statis-
tics theory. According to the theory, the evolution of fla-
vor distribution of neutrino beam satisfies Markoffian condi-
tions. Markoffian process of neutrino oscillation is depicted
by method of CTRW(continuous time randomwalk), and neu-
trino flavor probability is calculated with formulas in neutrino
coherent theory, and then the time-evolution formula of flavor
probability distribution (formula 22) is established.
For Markofffian model employed conveniently, the process
is time-discretized and homogeneous time-discrete Markof-
fian model is established. The simulation with Markoffian
model indicates that neutrino oscillation will arrive at equi-
librium flavor distribution of three-fold maximum when prop-
agation time is long enough. The flavor distributions of solar
and cosmic ray neutrino on the earth’s surface are both equi-
librium flavor distribution of three-fold maximum, which is
consistent to experimental data.
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